It has been known that regular model sets are pure point diffractive. But the converse has been a conjecture. We show here that the converse is also true for substitution point sets without the condition of regularity, that is to say, substitution point sets are model sets if and only if they are pure point diffractive. We introduce a new notion of coincidence which connects model sets and pure point diffractive point sets in substitutions.
Introduction
In this paper we will be mostly interested in the structures of point sets with the spectral property known as pure point diffraction spectrum. The pure point diffraction is an idealized mathematical interpretation of the real experimental diffraction of metallic alloys, such as crystals and quasicrystals, whose diffraction patterns consist of pure bright peaks. The symmetries displayed in the diffraction patterns of quasicrystals are rather unusual from the perspective of the diffraction pattern of crystals and it indicates that the structures of quasicrystals are different from the structures of crystals. There has been considerable interest in understanding the structure of quasicrystals trying to answer questions like "Nonetheless what makes the pattern so symmetrical and ordered?". Mathematically assuming atoms as points we study the point set structure in the point view of pure point diffraction.
The spectral theory of dynamical systems has been studied for a long time and it turns out to be connected with the diffraction spectrum. One of the earliest uses of this idea appears in M. Queffélec [26] where she established an equivalence between pure point diffraction and dynamical spectra in the setting of symbolic (one dimensional) dynamics. The main step forward was provided by S. Dworkin [11] who showed how to connect the autocorrelation of a point set and particular spectral measures in the setting of its local hull which is the collection of all the point sets which locally look like the original point set. One result of this is that if a point set has pure point dynamical spectrum then it also has pure point diffraction spectrum. The converse (in the geometric setting of point sets) was first shown in [21] . Recently this equivalence has been improved in [12] and [2] in more general cases. Certainly due to the rich spectral theories on dynamical systems the relation between two spectra gives us better access to understanding the point set structure. Since our substitution point sets are in the setting which satisfies all the required conditions for the equivalence between the two types of pure point spectra, we will identify the pure point diffraction and dynamical spectra throughout the whole paper.
There is a large class of point sets having pure point dynamical spectrum coming from cutting and projecting a lattice in a higher dimension space R d × R n into the two lower dimension spaces R d and R n . If a discrete point set in R d comes from this cut and project process and its window in R n determining the point set satisfies certain conditions, we call it a model set (see Def. 2.2) . If the window has zero boundary measure, we call the point set a regular model set. Hof showed in [14] that a regular model set coming from cut-and-project scheme on an Euclidean space R d × R n as a high dimension space has pure point dynamical spectrum. As an extension of this, Schlottmann generalized the result from Euclidean spaces to locally compact Abelian groups G × H. This has provided a more general way of obtaining point sets with the property of pure point dynamical spectrum (see [6] , [19] , and [22] ). After finding that every regular model set has pure point dynamical spectrum, it was conjectured if the converse is true in some circumstance. In this paper we consider point sets which are coming from substitutions and see how closely the two notions between being a model set and pure point dynamical spectrum are related. In fact we will prove that the two concepts are equivalent on substitution point sets without assuming the regularity on the model sets. There have been always problems around the regularity (the boundary condition), since it is a condition which cannot be checked easily in general. However in substitution point sets it turns out that the boundary condition does not play any role on proving the equivalence between the two concepts. The main theorem in this paper states (see Th. 6.7) :
Theorem Let Λ be a non-periodic primitive substitution Delone multiset such that every Λ-cluster is legal and Ξ(Λ) is uniformly discrete. Then the following are equivalent (1) Λ has pure point dynamical spectrum; (2) Λ admits an algebraic coincidence; (3) Λ is a model multiset.
The proof of the theorem is throughout several sections on this paper and the structure of it is as follows: In substitution tilings it has been known that the overlap coincidence is a necessary and sufficient condition for pure point diffraction spectrum (see [30] ). In section 3 we introduce algebraic coincidence which is the corresponding parallel concept to overlap coincidence in substitution point sets and show the equivalence between (1) and (2) of the theorem.
When algebraic coincidence is assumed in Λ, we can construct a cut and project scheme with an internal space which is a completion of a topological group L with a topology defined by a neighbourhood base coming from algebraic coincidence, where L is defined as a group generated by translation vectors of Λ. We show this in section 4.
If Λ has pure point dynamical spectrum, we can consider another topology on L relative to which L becomes a topological group. It comes from the autocorrelation of Λ for diffraction measure. When Λ is non-periodic, we show in section 5 that the two topologies are in fact same and there is a unique completion, which is a locally compact Abelian group, of L up to isomorphism.
In section 6 we make use of the results of [3] and [20] , which are associated with the second topology and give a sufficient condition for Λ to be a model multiset, and obtain that algebraic coincidence is enough for the sufficient condition. Furthermore we show that algebraic coincidence is a necessary condition for a model multiset in substitution point sets.
The new form of coincidence (algebraic coincidence) plays an important role to bridge the notions of model multisets and pure point dynamical spectrum in substitution point sets. There are many types of coincidences on substitution point sets and tilings in literature which determine pure point dynamical spectrum of the given sets (see [10] , [7] , [30] , [22] , [8] ). In a class of equal length symbolic substitutions Dekking's coincidence condition is well-known. It says the following. Suppose that A = {a 1 , . . . , a m } is a finite alphabet with associated set of words A * , and we are given a primitive substitution σ : A → A * for which the length l of each of the words σ(a i ) is same, so called "equal length substitution". Then the associated substitution dynamical system has pure point spectrum if and only if it admits a coincidence, in the sense that there is a k, 1 ≤ k ≤ l n , for some n such that the k-th letter of each word σ n (a i ), i ≤ m, is same. Although all of the coincidences are defined in slightly different ways, they say the same property for pure point dynamical spectrum. The new coincidence we define in this paper also plays its role as a key factor determining pure point dynamical spectrum. We call the new coincidence condition algebraic coincidence since it allows us to construct locally compact Abelian groups and cut and project schemes. This coincidence has been introduced under the name of modular coincidence in [19] and [22] , but the new coincidence is defined in a more general setting which is not restricted to lattice substitution point sets.
As a special case of substitutions there are Pisot substitutions in 1-dimension whose substitution matrix has one eigenvalue strictly bigger than 1 and other eigenvalues strictly between 0 and 1 in modulus. There is a conjecture that every Pisot substitution dynamical system has pure point spectrum. Here the algebraic coincidence is an alternative way on the Pisot substitutions to determine pure point dynamical spectrum. Throughout correspondence with Valerie Berthe, it is noted that the algebraic coincidence is necessary if an exclusive inner point exists, which is conjectured to hold for every Pisot unit substitution in 1-dimension [1] .
Although we are interested in and dealing with Delone multisets, we need to introduce tilings along the way. It is often advantage to work with tilings in getting spacial properties of point sets. And there is a natural connection between substitution Delone multisets and substitution tilings keeping their iteration rules(see [17] and [22] ). We will make use of this connection in order to derive some properties that we need.
Preliminaries

Delone multisets
Recall that a Delone set is a relatively dense and uniformly discrete subset of
Although Λ is a product of sets, it is convenient to think of it as a set with types or colors, i being the color of points in Λ i . A cluster of Λ is, by definition, a family P = (P i ) i≤m where P i ⊂ Λ i is finite for all i ≤ m. Many of the clusters that we consider have the form
There is a natural translation R d -action on the set of Delone multisets and their clusters in R d . The translate of a cluster P by x ∈ R d is x + P = (x + P i ) i≤m . We say that two clusters P and P ′ are translationally equivalent if
We write B R (y) for the closed ball of radius R centered at y and use also B R for B R (0). We define Ξ(Λ) := i≤m (Λ i − Λ i ). We say that Λ ⊂ R d is a Meyer set if it is Delone and Λ − Λ ⊂ Λ + F for some finite set F , equivalently, if it is Delone and Λ − Λ is uniformly discrete [16] , [23] . We say Λ = (Λ i ) i≤m a Meyer multiset if each component Λ i is a Meyer set for i ≤ m. A multiset Λ is said to be non-periodic if there is no x ∈ R d such that Λ + x = Λ. Definition 2.1 A cut and project scheme (CPS) consists of a collection of spaces and mappings as follows;
where R d is a real Euclidean space, H is some locally compact Abelian group, π 1 and π 2 are the canonical projections, L ⊂ R d × H is a lattice, i.e. a discrete subgroup for which the quotient group (
In CPS (2.1) we call R d a physical space and H an internal space.
The definition of a model set here is little different from conventional definition but more general. For more about model sets, see [24] and [20] . For a subset V ⊂ H, we denote Λ(V ) :
, where W is compact in H and W = W • = ∅, with respect to some CPS. The model set Γ is regular if the boundary ∂W = W \W
• of W is of (Haar) measure 0. We say that Γ is a model multiset (resp. regular model multiset) if each Γ i is a model set (resp. regular model set) with respect to the same CPS.
One should note here that since π 2 need not be 1 − 1 on L, the model set Γ need not exactly be of the form Λ(V ) for any set V ⊂ H. Nonetheless it is hemmed in between two such sets differing only by points on the boundary of the window W . When we need to be more precise we explicitly mention the cut and project scheme from which a model set arises. 
In plain language, for each radius R > 0 there are only finitely many translational classes of clusters whose support lies in some ball of radius R.
For a cluster P and a bounded set A ⊂ R d denote
where ♯ means the cardinality. For a bounded set F ⊂ R d and r > 0, let
if the limit exists. For any cluster P, we define
if the limit exists.
Definition 2.5 Let {F n } n≥1 be a van Hove sequence. The Delone multiset Λ has uniform cluster frequencies (UCF) (relative to {F n } n≥1 ) if for any cluster P, there is the limit
Let Λ be a Delone multiset and let X be the collection of all Delone multisets each of whose clusters is a translate of a Λ-cluster. We introduce a metric on Delone multisets in a simple variation of the standard way: for Delone multisets
3)
For the proof that d is a metric, see [21] . We define X Λ := {−h + Λ : h ∈ R d } with the metric d. In spite of the special role played by 0 in the definition of d, any other point of R d may be used as a reference point, leading to an equivalent metric and more importantly the same topology on X Λ . We have a natural action of R d on X Λ by translations which makes it a topological dynamical system (X Λ , R d ).
Tilings
We begin with a set of types (or colors) {1, . . . , m}, which we fix once and for all. A tile in R d is defined as a pair T = (A, i) where A = supp(T ) (the support of T ) is a compact set in R d which is the closure of its interior, and i = l(T ) ∈ {1, . . . , m} is the type of T . We let g + T = (g + A, i) for g ∈ R d . We say that a set P of tiles is a patch if the number of tiles in P is finite and the tiles of P have mutually disjoint interiors (strictly speaking, we have to say "supports of tiles," but this abuse of language should not lead to confusion). The support of a patch is the union of the supports of the tiles that are in it. Note that the support of a patch need not be connected. The diameter of a patch is the diameter of its support. The translate of a patch P by g ∈ R d is g + P := {g + T : T ∈ P }. We say that two patches P 1 and P 2 are translationally equivalent if
T ∈ T } and distinct tiles have disjoint interiors. Given a tiling T , finite sets of tiles of T are called T -patches.
We define FLC, repetitivity, and uniform patch frequencies (UPF), which is the analog of UCF, on tilings in the same way as the corresponding properties on Delone multisets.
We always assume that any two T -tiles with the same color are translationally equivalent (hence there are finitely many T -tiles up to translation).
For a subset S of a tiling and A ⊂ R d , we define
and for tilings T and T ′ ,
For any patch P , we write Vol(P ) for Vol( {supp(T ) :
We define
Substitutions
We say that a linear map Q :
for all x, y ∈ R d and some metric d on R d compatible with the standard topology. This is equivalent to saying that all the eigenvalues of Q lie outside the closed unit disk in C. Definition 2.6 Λ = (Λ i ) i≤m is called a substitution Delone multiset if Λ is a Delone multiset and there exist an expansive map Q :
where the unions on the right-hand side are disjoint.
We say that the substitution Delone multiset is primitive if the corresponding substitution matrix S, with
Any MFS Φ on Y induces a mapping on a Delone multiset Λ = (Λ i ) i≤m , where
which we call the substitution determined by Φ. We often write
In particular, we often write Φ ij (x) for Φ ij ({x}), where x ∈ Λ j . We associate to Φ its substitution matrix S(Φ), with (S(Φ)) ij = ♯(Φ ij ). Let Φ, Ψ be m × m MFS's on Y . Then we can compose them :
where
For any given substitution Delone multiset Λ = (Λ i ) i≤m , we can always find the corresponding MFS Φ such that Φ(Λ) = Λ. Indeed, by Def. 2.6 we can take Φ ij = {f :
Definition 2.7 Let A = {T 1 , . . . , T m } be a finite set of tiles in R d such that T i = (A i , i); we will call them prototiles. Denote by P A the set of patches made of tiles each of which is a translate of one of T i 's. We say that ω : A → P A is a tile-substitution (or simply substitution) with expansive map Q if there exist finite sets
Here all sets in the right-hand side must have disjoint interiors; it is possible for some of the D ij to be empty.
and to patches and tilings by ω(P ) = ∪{ω(T ) : T ∈ P }. The substitution ω can be iterated, producing larger and larger patches ω k (T j ). To the substitution ω we associate its m × m substitution matrix S, with S ij := ♯(D ij ). The substitution ω is called primitive if the substitution matrix S is primitive. Definition 2.8 A patch P will be called legal if it is a translate of a subpatch of ω k (T i ) for some i ≤ m and k ≥ 1.
For each primitive substitution Delone multiset (2.6) one can set up an adjoint system of equations
From Hutchinson's Theory (or rather, its generalization to the "graph-directed" setting), it follows that (2.9) always has a unique solution for which A = {A 1 , . . . , A m } is a family of non-empty compact sets of R d (see for example [5] , Prop. 1.3). It is proved in [17, Th. 2.4 and Th. 5.5] that if Λ is a primitive substitution Delone multiset, then all the sets A i from (2.9) have non-empty interiors and, moreover, each A i is the closure of its interior.
Definition 2.9 A Delone multiset Λ = (Λ i ) i≤m is called representable (by tiles) for a tiling if there exists a set of prototiles A = {T i : i ≤ m} so that
, and the sets in this union have disjoint interiors. In the case that Λ is a primitive substitution Delone multiset we will understand the term representable to mean relative to the tiles T i = (A i , i), for i ≤ m, arising from the solution to the adjoint system (2.9). We call Λ + A the associated tiling of Λ. Definition 2.10 A cluster P will be called legal if it is a translate of a subcluster of
In [17, Lemma 3.2] it is shown that if Λ is a substitution Delone multiset, then there is a finite multiset (cluster) P ⊂ Λ for which Φ n−1 (P) ⊂ Φ n (P) for n ≥ 1 and
. We call such a multiset P a generating multiset.
Lemma 2.11 [22] Let Λ be a primitive substitution Delone multiset such that every Λ-cluster is legal. Then Λ is repetitive.
Not every substitution Delone multiset is representable (see [22, Ex. 3.12] ), but the following theorem provides the sufficient condition for it.
Theorem 2.12 [22] Let Λ be a repetitive primitive substitution Delone multiset. Then every Λ-cluster is legal if and only if Λ is representable.
Remark 2.13 Note that, in order to check that every Λ-cluster is legal, we only need to see if some cluster that contains a finite generating multiset for Λ is legal.
Throughout this paper we are mainly interested in primitive substitution Delone multiset Λ such that every Λ-cluster is legal. Since Λ is representable, we will often identify Λ with an associated tiling T = Λ + A = {x + T i : x ∈ Λ i , i ≤ m}, where T i 's are the tiles arising from the solution of the adjoint system of equations.
Let Ξ(T ) be the set of translation vectors between T -tiles of the same type:
Since T has the inflation symmetry with the expansive map Q, we have that
Definition 3.1 Let T be a tiling. A triple (T, y, S), with T, S ∈ T and y ∈ Ξ(T ), is called an overlap if supp(y + T ) ∩ supp(S) has non-empty interior. We say that two overlaps (T, y, S) and (
Denote by [(T, y, S)] the equivalence class of an overlap. An overlap (T, y, S) is a coincidence if y + T = S. The support of an overlap (T, y, S) is supp(T, y, S) = supp(y + T ) ∩ supp(S).
Let O = (T, y, S) be an overlap. Recall that we have the tile-substitution ω, see Def. 2.7. Then ω(y + T ) = Qy + ω(T ) is a patch of Qy + T , and ω(S) is a T -patch, and moreover, supp(Qy + ω(T )) ∩ supp(ω(S)) = Q(supp(T, y, S)).
We define Let us recall the following theorem.
Theorem 3.4 [22] Let Λ be a primitive substitution Delone multiset such that every Λ-cluster is legal. Then Λ has uniform cluster frequencies (UCF) and the dynamical system (X Λ , R d ) is uniquely ergodic.
The theorem shows that the dynamical system (X Λ , R d ) is ergodic with respect to the unique invariant probability measure on X Λ , which we denote by µ. We consider the associated group of unitary operators
This function is positive definite on R d , so its Fourier transform is a positive measure σ g on R d called the spectral measure corresponding to g. We recall that g ∈ L 2 (X Λ , µ) is an eigenfunction for the
where x · α is the standard inner product on R d . The dynamical system (X Λ , µ, R d ) is said to have pure point spectrum if the linear span of the eigenfunctions is dense in L 2 (X Λ , µ). We can define a dynamical system (X T , µ, R d ) on tilings in a similar manner.
Theorem 3.5 [22, Th. 4.7 and Lemma A.9] Let T be a repetitive fixed point of a primitive substitution with expansive map Q such that Ξ(T ) is a Meyer set. Then (X T , µ, R d ) has a pure point dynamical spectrum if and only if T admits an overlap coincidence. Definition 3.6 Let Λ be a primitive substitution Delone multiset with expansive map Q. We say that Λ admits an algebraic coincidence if there exist M ∈ Z + and ξ ∈ Λ i for some
Proposition 3.7 Let Λ be a primitive substitution Delone multiset such that every Λ-cluster is legal and Ξ(Λ) is a Meyer set. Suppose that the associated substitution tiling T = Λ + A admits an overlap coincidence. Then Λ admits an algebraic coincidence.
Proof. We choose any nonempty patch P in T . Consider the collection
Since Ξ(Λ) is a Meyer set, the number of translationally equivalent classes of overlaps for T is finite by Lemma 3.3. As a result of this, it is important to note that H consists actually of finitely many patches as well as finitely many translational classes of patches, since there are only finitely many overlaps for T occuring in (α+T )∩P for all α ∈ Ξ(Λ). Thus we can find α 1 , . . . , α K ∈ Ξ(Λ) such that for any α ∈ Ξ(T ) = Ξ(Λ),
For any n ∈ Z + , we get
Then restricting (3.3) to the compact set Q n supp(P ) and replacing ω n T by T ,
Note that
We claim now that there exists M ∈ Z + such that
contains at least one tile T ∈ T . Note first that for any n ∈ Z + ,
since ω n P ⊂ T , and for any α ∈ Ξ(Λ)
Let V 0 and V 1 be the minimal and maximal volumes of T -tiles respectively. Let
Notice that supp(D Q n α ) is the union of supports of coincidences in Q n supp(P ). It is easy to see that every overlap in D Q n α leads to other coincidences in D Q n+1 α . Thus
Since T admits an overlap coincidence, there exists l ∈ Z + such that for each overlap O in T , Q l (O) contains a coincidence. Note that supp(D Q n+1 α ) has more support than Q l supp(D Q n α ) from the new coincidence occuring after l-step iterations of each noncoincidence overlap and the volume of the support of the new coincidence is at least V 0 for every l-step iteration of the non-coincidence overlap. So we can get the following formula
.
For any n ≥ 0, n = tl + s for some t ∈ Z + and 0 ≤ s < l,
n c for some r ∈ (0, 1) and c > 0.
Thus for any ǫ > 0 and any 1 ≤ k ≤ K, we can find M ∈ Z + such that
It implies that
Therefore for small ǫ > 0
contains at least one tile T . From (3.5) we can say that
also contains the tile T . So for any α ∈ Ξ(Λ) there exists
Therefore we proved that Λ admits an algebraic coincidence.
Remark 3.8 If Λ admits an algebraic coincidence, then Ξ(Λ) is a Meyer set from the fact that Λ is uniformly discrete. Furthermore, Λ has FLC. Proposition 3.9 Let Λ be a primitive substitution Delone multiset such that every Λ-cluster is legal. Suppose that Λ admits an algebraic coincidence. Then the associated substitution tiling T = Λ + A admits an overlap coincidence.
Proof. Suppose that there exist
Note that QΞ(Λ) ⊂ Ξ(Λ). So
Thus there is a coincidence after the M ′ -iteration of the overlap (R, y, S). In particular, since Ξ(Λ) is a Meyer set, there are finite equivalence classes of overlaps and so there exists l ∈ Z + such that for each overlap O in T , Q l (O) contains a coincidence. Therefore T admits an overlap coincidence.
Together with Prop. 3.7, this implies the following theorem. 
Constructing a cut and project scheme
We consider a primitive substitution Delone multiset Λ. Let L :=< Λ j > i,j≤m be a group generated by Λ i − Λ i , Λ j , where i, j ≤ m. Under the assumption that Λ admits an algebraic coincidence, we will construct a cut and project scheme(CPS) and show that each point set Λ i , i ≤ m, is coming from the projection of some relatively compact subset in the internal space of the CPS. A topological group G is a set G which carries a group structure and a topology such that the mappings (x, y) → xy of G × G to G and x → x −1 of G to G are continuous (see [13] , [9] , and [15] for more about topological groups). We refer [13] for the following lemma.
Lemma 4.1 Let Λ be a primitive substitution Delone multiset with expansive map Q such that every Λ-cluster is legal. Suppose that Λ admits an algebraic coincidence. Then the system {α + Q n Ξ(Λ) : n ∈ Z + , α ∈ L} serves as a neighbourhood base of the topology on L relative to which L becomes a topological group. Furthermore L is a Hausdorff topological group.
Proof. From the assumption of an algebraic coincidence we know that there exist M ∈ Z + and ξ ∈ Λ i such that Q M Ξ(Λ) ⊂ Λ i − ξ for some i ≤ m. We consider a family U = {Q n Ξ(Λ) ⊂ L : n ∈ Z + }. We note that every finite subfamily of U has a nonempty intersection. We will show that U satisfies the following properties of a prebase of neighbourhoods of the identity : for every U ∈ U there exist V 1 , V 2 ∈ U such that V 1 + V 1 ⊂ U and −V 2 ⊂ U , and for every U ∈ U and x ∈ U there exist V 1 , V 2 ∈ U such that x + V 1 ⊂ U and x + V 2 + (−x) ⊂ U . Choose an arbitrary Q n Ξ(Λ) ∈ U : First, note that
Third, let y = Q n (α − β) ∈ Q n Ξ(Λ), where α, β ∈ Λ j for some j ≤ m. Since every Λ-cluster is legal, there exist k ∈ Z + and a ∈ Λ j − Λ j such that the cluster {α, β} satisfies
Fourth, for every z ∈ Q m Ξ(Λ),
Therefore the system {α + Q n Ξ(Λ) : n ∈ Z + , α ∈ L} serves as a prebase of neighbourhoods of the topology on L relative to which L becomes a topological group.
Furthermore for any Q n ′ Ξ(Λ) and
so actually the system becomes a neighbourhood base for the topology.
Note that ∩{Q n Ξ(Λ) : n ∈ Z + } = {0}. So the topological group L is Hausdorff.
We call this topology on L with the neighbourhood base {α + Q n Ξ(Λ) : n ∈ Z + , α ∈ L} Q-topology and denote the space L with the Q-topology by L Q . Theorem 4.2 Let Λ be a primitive substitution Delone multiset with expansive map Q. Suppose Λ admits an algebraic coincidence. Then there exists a cut and project scheme (CPS) with an internal space H ′ so that for each j ≤ m, Λ j = Λ(V j ) where V j is a compact set in H ′ .
Proof. By Lemma 4.1 the system {α + Q n Ξ(Λ) : n ∈ Z + , α ∈ L} serves as a neighbourhood base of the topology on L relative to which L becomes a Hausdorff topological group. From [9, III. §3.4 and §3.5], there exists a complete Hausdorff topological group, which we denote by H ′ , such that L is isomorphic to a dense subgroup of the complete group H ′ and H ′ is unique up to obvious isomorphism. We note that there exists a uniformly continuous map φ : L → H ′ such that φ(L) is dense in H ′ and the mapping φ from L onto φ(L) is an isomorphism and an open map, the latter with the induced topology of the completion H ′ . Now we show that H ′ is a locally compact Abelian group. From the completion process, H ′ becomes a topological Abelian group. We need to check that H ′ is a locally compact space. First we claim that Q n Ξ(Λ) is precompact for any n ∈ Z ≥0 . For any n ′ ∈ Z ≥0 with n ′ ≥ n, there exists a compact set
and k ∈ K. Thus
From the assumption of an algebraic coincidence, there exist M ∈ Z + and ξ ∈ Λ i such that
Now it is sufficient to show that 0 ∈ H ′ has a compact neighbourhood. Note that there is an open set
This implies that v ∈ φ(Q n Ξ(Λ)). So
Therefore φ(Q n Ξ(Λ)) is a compact neighbourhood of 0 ∈ H ′ . We construct a discrete subgroup of
It is clear that L is a subgroup in R d × H ′ and so it is left to show that the set L is uniformly discrete and relatively dense in
F , where F is a finite set. So there is a neighbourhood
Together with
′ . Now we can construct a cut and project scheme
where π 1 and π 2 are canonical projections. It is easy to see that π 1 | L is injective and π 2 ( L) is dense in H ′ . We note that for each j ≤ m, Λ j = Λ(φ(Λ j )), and φ(Λ j ) is compact in H since φ(Ξ(Λ)) is compact.
Since Φ is primitive and Φ(Λ) = Λ, without loss of generality we can assume that the substitution matrix S(Φ) is positive.
In the next proposition we show that if Λ admits an algebraic coincidence, there is Γ ∈ X Λ which is generated from one point and there is an algebraic coincidence occuring with the generating point. It enables us to find an open window in the internal space of each point set Γ i , as we show in Prop. 4.4. Proposition 4.3 Let Λ be a primitive substitution Delone multiset with expansive map Q and MFS Φ for which every Λ-cluster is legal. Suppose Λ admits an algebraic coincidence. Then there is Γ ∈ X Λ for which Γ = lim n→∞ (Φ l ) n (y), where y ∈ Γ j and y + Q l Ξ(Λ) ⊂ Γ j with some l ∈ Z + and j ≤ m.
Proof. By the assumption, there exist M ∈ Z + and ξ ∈ Λ i such that ξ + Q M Ξ(Λ) ⊂ Λ i for some i ≤ m. We consider the associated tiling T := Λ + A to Λ and the tile substitution ω with the solution tiles {T 1 , . . . , T m }. We let A i = supp(T i ) for i ≤ m.
To begin with, we make some preliminary observation on the tiling Λ + A which we are going to use. Since T is fixed under the substitution ω(see [18] and [22] ), there is η ∈ Λ j for some j ≤ m such that T j + η ∈ ω(T j + η) and
Since the substitution matrix S(Φ) is positive, we can find ξ ′ ∈ Λ j such that
and
• for some r ∈ Z + .
We can observe that ξ ′ ∈ Φ r (ξ) (see [22, Th. 3.7] for details). Then from ξ + Q M Ξ(Λ) ⊂ Λ i and ξ ′ ∈ Φ r (ξ), we also get
From the substitution
are relatively same for all z ∈ R d . We want to find a Delone multiset Γ ∈ X Λ which is fixed under MFS Φ and generated from one point y ∈ Γ j for the chosen j as above so that the position of a tile T j + y in ω l (T j + y) in the tiling Γ + A is relatively the same as the position of a tile T j + ξ ′ in ω l (T j + η) in the tiling Λ + A. So we need to solve
Since Q is an expansive map, I − Q l has the inverse matrix. Thus there is a unique solution y ∈ R d for (I − Q l )y = d. We note that 0 ∈ A j + y = A j + y. In fact, for any open neighbourhood U of 0, there exists s ∈ Z + such that for any t ∈ Z + with t ≥ s, A j + y ⊂ Q t U . Notice that
• and the relative position of
• is same as the position of
covers all the points of R d and so it is a tiling. Furthermore
is a primitive substitution Delone multiset and Γ ∈ X Λ . Second we prove that y + Q l Ξ(Λ) ⊂ Γ j . Since Ξ(Γ) = Ξ(Λ) and Ξ(Λ) is a Meyer set, we can find a 1 , . . . , a S ∈ Ξ(Γ) such that for any a ∈ Ξ(Γ),
(see (3.2) ). We can find p ∈ Z + such that (ω l ) p (T j + y) contains the patches of
Take any 1 ≤ s ≤ S. Since y + r − η ∈ Ξ(Λ), by (4.6) we obtain
Then we can derive 8) from the fact that from
Using the identities ξ ′ = Q l η + d and y = Q l y + d, we get from (4.8)
Hence for any a ∈ Ξ(Λ),
Proposition 4.4 Suppose that Λ is a primitive substitution Delone multiset such that Λ = lim n→∞ Φ n (y) where y + Q M Ξ(Λ) ⊂ Λ j with y ∈ Λ j for some M ∈ Z + and j ≤ m. Then for each i ≤ m, Λ i = Λ(U i ) where U i is an open set and U i is compact in H ′ with respect to CPS (4.5).
Proof. For each i ≤ m and z ∈ Λ i , there exists n ∈ Z + such that z = Q n y + d where
where M z depends on z. Since φ is an isomorphism from L onto φ(L), the latter with the induced topology of the completion
Since φ is injective,
Two Topologies on L
In this section we introduce another topology 'AC-topology' on L and show that this topology is the same as Q-topology if the substitution Delone multiset Λ is non-periodic. It allows us to build CPS (5.2) and to show that each point set of Λ comes from a window in the CPS (5.2). Then we are ready to use Th. 6.4 in the next section.
Let {F n } n∈Z+ be a van Hove sequence and let Λ ′ , Λ ′′ be two Delone m-multisets in
Here △ is the symmetric difference operator. Let P ǫ = {x ∈ L : ρ(x+Λ, Λ) < ǫ} for each ǫ > 0. From Th. 3.10 and [22, Lemma A.9] if Λ admits an algebraic coincidence, then for any ǫ > 0, P ǫ is relatively dense. In this case the system {α + P ǫ : ǫ > 0, α ∈ L} serves as a neighbourhood base of the topology on L relative to which L becomes a topological group. However the topological group L with this topology is not necessarily Hausdorff space. We call this topology on L autocorrelation topology (AC-topology) and denote the space L with AC-topology by L AC (see [4] for more about AC-topology).
Proposition 5.1 Let Λ be a primitive substitution Delone multiset such that every Λ-cluster is legal. Suppose that Λ admits an algebraic coincidence, then a mapping f from L Q onto L AC , for which f (x) = x for any x ∈ L, is uniformly continuous.
Proof. It is enough to show that for any ǫ > 0, there exists n ∈ Z + such that Q n Ξ(Λ) ⊂ P ǫ . Let T = Λ + A be the corresponding tiling to Λ. From [22, Lemma A.9], there exist r ∈ (0, 1) and C > 0 such that for any x ∈ Ξ(T ) = Ξ(Λ)
So for all x ∈ Ξ(Λ),
Thus for any ǫ > 0, we can find n ∈ Z + with C ′ r n < ǫ so that Q n Ξ(Λ) ⊂ P ǫ .
Note
there is a uniformly continuous mapping ψ : L → H which is the composition of the canonical injection of L ′ into H and the canonical homomorphism of L onto L ′ for which ψ(L) is dense in H. Actually H is a locally compact Abelian group (see [4] and [20] ). Note that if Λ is non-periodic, L AC becomes a Hausdorff space.
Proposition 5.2 Let Λ be a non-periodic primitive substitution Delone multiset such that every Λ-cluster is legal. Suppose that Λ admits an algebraic coincidence, then a mapping g from L AC onto L Q , for which g(x) = x for any x ∈ L, is uniformly continuous.
Proof. It is enough to show that for any n ∈ Z + there exists ǫ > 0 such that P ǫ ⊂ Q n Ξ(Λ). Since Λ is non-periodic, T has the unique composition property (see [31] ). So for n ∈ Z + there exists R n > 0 such that if T ∩ (t + T ) contains a patch B Rn (x) ∩ T for some x ∈ R d , then T ∩ (t + T ) contains some super tile ω n T which contains x. By the definition of P ǫ there is ǫ = ǫ(n) > 0 such that for any t ∈ P ǫ , T ∩ (t + T ) contains the patch B Rn (x) ∩ T for some x ∈ R d . Thus ω n T = t + ω n T ′ , where T and T ′ are same type tiles in T . So t ∈ Q n Ξ(T ). Therefore P ǫ ⊂ Q n Ξ(Λ).
Remark 5.3
When Λ is non-periodic we get an isomorphismf : H ′ → H, that is, f is a bijection, homomorphism, and homeomorphism (see [9] ). Together with the isomorphismf on the CPS(4.5), we get a new CPS as follows:
where π 
Let D := D/ ≡ and let ρ also denote the resulting R d -invariant metric on D. Then D is a complete space [25] and its elements can clearly be identified with actual Delone multisets in R d up to density 0 changes. Now we can put a new uniformity on D, which mixes the autocorrelation topology with the standard topology of R d , by using the sets
We define A(Λ) as the closure of the orbit
See [20] and [3] for more about A(Λ). Let Λ be a non-periodic primitive substitution Delone multiset such that every Λ-cluster is legal. All measurable eigenfunctions for the uniquely ergodic dynamical system, arising from the R d -action on X Λ by translations, can be chosen to be continuous.
Combining Th. 6.1 and Prop. 6.2, we get the following corollary. Corollary 6.3 Let Λ be a non-periodic primitive substitution Delone multiset such that every Λ-cluster is legal. Assume that Ξ(Λ) is uniformly discrete and the dynamical system (X Λ , µ, R d ) has pure point spectrum. Then there exists a uniformly continuous
for which β(x + Λ) = x + Λ for all x ∈ R d .
Algebraic coincidence to model sets
In this subsection we show that if there is an algebraic coincidence on a substitution Delone multiset, then the Delone multiset is a model multiset.
A torus parametrization X Λ is a continuous G-map β : X Λ → A(Λ). 2 An element Γ ∈ X Λ is non-singular for this parametrization if β −1 (β({Γ})) = {Γ}. The set of non-singular elements of X Λ consists of G-orbits. 
and ∂V i has empty interior for each i ≤ m with respect to CPS (5.2).
Then there exists a non-singular element
• for each i ≤ m with respect to the same CPS (5.2), and so for
Theorem 6.5 Let Λ be a non-periodic primitive substitution Delone multiset such that every Λ-cluster is legal. Suppose that Λ admits an algebraic coincidence. Then for each
where W i is compact and W i = W i • = ∅, with respect to the CPS (5.2). In other words, every Γ ∈ X Λ is a model multiset.
Proof. From Prop. 4.3 and Prop. 4.4, there exists Γ ∈ X Λ for which each Γ i = Λ(V i ), where V i = 0 is an open set and V i is compact in H. Here we note that ∂V i has empty interior. Applying Cor. 6.3 and Th. 6.4 to Γ we get that for each Γ ∈ X Λ there exists
where W i is compact and W i = W i • = ∅, with respect to the CPS (5.2).
Model sets to algebraic coincidence
In this subsection we show that if a substitution Delone multiset Λ is a model multiset, then Λ admits an algebraic coincidence. For a compact set K ⊂ R d , we define
Theorem 6.6 Let Λ be a primitive substitution Delone multiset such that every Λ-cluster is legal. Suppose that Λ(
where W i is compact and W i = W i
• for each i ≤ m with respect to some CPS. Then Λ admits an algebraic coincidence.
Proof. From the assumption there is a following cut and project scheme :
where H is a locally compact Abelian group, L is a lattice in R d × H, π 1 and π 2 are canonical projections, π 1 | L is one-to-one, and
• for each i ≤ m with respect to the CPS (6.1).
for each i ≤ m. Then we can say that
Since −ψ(ξ) + W j • contains a neighbourhood of 0 and H is a locally compact Abelian group, there is a neighbourhood
Note that U + I is a neighbourhood of 0 in H. We claim that ∩{−ψ(s) + W i : s ∈ Λ i , i ≤ m} = I.
For any c ∈ ∩{−ψ(s)
On the other hand, for any c ′ ∈ I, c ′ + W i = W i for all i ≤ m, and so
It shows that c ′ ∈ ∩{−ψ(s) + W i : s ∈ Λ i , i ≤ m}. Therefore the claim is proved. So now we have ∩{(−ψ(s)
We can note that
By the choice of K and the fact that Λ + A is a tiling,
. Using (6.2) and the fact that Q N +l (Ξ(Λ)) ⊂ Q N (Λ k − Λ k ) for some l ∈ Z + by the primitivity of Λ, there exist M ∈ Z + and ξ ∈ Λ j such that
The following theorem states the main result of this paper.
Theorem 6.7 Let Λ be a non-periodic primitive substitution Delone multiset such that every Λ-cluster is legal and Ξ(Λ) is uniformly discrete. Then the following are equivalent;
(i) Λ has pure point dynamical spectrum.
(ii) Λ admits an overlap coincidence.
(iii) Λ admits an algebraic coincidence.
(iv) Λ is a model multiset.
Proof. The proof goes as follows;
(ii) ⇔ (iii) Th. 3.10.
(iii) ⇒ (iv) Th. 6.5.
(iv) ⇐ (iii) Th. 6.6.
Further study
It would be interesting to see if Th. 6.7 can be extended in the case that there exists a period on Λ or in the case that some Λ-cluster is not legal but Λ is repetitive. It would be also nice to know if the algebraic coincidence is checkable like a modular coincidence in lattice substitution Delone multisets which is shown in [19] and [22] .
Although the equivalence between the two notions of a model set and pure point dynamical spectrum is proved in this paper, it is not clear to see whether the model set is actually a regular model set or not in substitution point sets. The regularity (the boundary measure is zero) has been proved in lattice substitution point sets in [19] and [22] .
It is still an open question if a pure point diffractive point set under general circumstance is a model set or regular model set.
Appendix
Here we provide the proof of Th. 6.1 which is based on the arguments in [3] . We rewrite the argument in multi-coloured point set cases. We assume that Λ is a Delone multiset in R d with FLC and UCF. So the dynamical system (X Λ , R d ) is uniquely ergodic (see [21, Th. 2.7] ). In addition we assume that the dynamical system (X Λ , µ, R d ) has pure point spectrum and all the eigenfunctions of L 2 (X Λ , µ) are continuous. Then L 2 (X Λ , µ) has a countable basis {f λ : λ ∈ S} where S is some subgroup of the character group of R d and each f λ is a continuous eigenfunction for the character λ. We may assume that each f λ is normalized to 1 in the L 2 -norm, since the eigenfunctions are unique up to scalar factors by the unique ergodicity [32] .
Since we assume that the Delone multiset Λ has UCF, for any x ∈ R d there exists
dens((x + Λ i ) △ Λ i ). Here (y, z) stands for a cluster consisting of two points y ∈ Λ i , z ∈ Λ j . In particular, the autocorrelation of a measure ν = δ Λi = x∈Λi δ x is γ(ν) = γ(δ Λi ) = t∈Λi−Λi η i (t)δ t .
The measure γ(ν) is positive definite, so by Bochner's Theorem the Fourier transform γ(ν) is a positive measure on R d , called the diffraction measure for ν. We say that the measure ν has pure point diffraction spectrum if γ(ν) is a pure point or discrete measure.
To relate the autocorrelation of δ Λ ′ i to spectral measures we need to do some "smoothing" and use the Dworkin's argument. Let c ∈ C 0 (R d ) (that is, c is continuous and has compact support). We denote by γ c,Λi the autocorrelation of c * δ Λi . Then Proof of Th. 6.1: We define
Since R d + Λ is dense in X Λ and A(Λ), it is enough to show that β ′ is uniformly continuous to prove the theorem.
Let ǫ > 0 be arbitrary. Since Ξ(Λ) is uniformly discrete, we can find c ∈ C 0 (R d ) such that for any x ∈ R For any i ≤ m, we can write g i,c = λ∈S a λ f λ as a Fourier expansion of g i,c . We can find a finite set F i ⊂ S such that
From f λ (x + Λ) = λ(x)f λ (Λ) for any x ∈ R d and λ ∈ S, |f λ (x + Λ)| = |f λ (Λ)| for all x ∈ R d . Since f λ is continuous and {x + Λ : x ∈ R d } is dense in X Λ , |f λ | is a non-zero constant function for all λ ∈ S which we can assume to be 1. 
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